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a b s t r a c t
Assume that µ1, µ2, . . . , µn are eigenvalues of the Laplacian matrix of a graph G. The
Laplacian-energy like of G, is defined as follows:
LEL(G) =
n−
i=1
√
µi.
In this note, we give upper bounds for LEL(G) in terms of connectivity or chromatic number
and characterize the corresponding extremal graphs.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Throughout this paper all graphs are finite and simple. Let G = (V (G), E(G)) be a graphwith n vertices. The join, G1G2,
of the graphs G1 and G2 is the graph obtained from disjoint union G1

G2 by adding new edges from each vertex in G1 to
every vertex inG2. ByG−U wemean the induced subgraphG[V−U], ifU ⊂ V (G). The adjacencymatrixofG isA(G) = (aij)n×n,
where aij = 1 if two vertices ui and uj are adjacent in G and aij = 0 otherwise. Let D(G) = diag(d1, d2, . . . , dn) be the
diagonal matrix of vertex degrees of G. We call the matrix L(G) = D(G) − A(G) the Laplacian matrix of G. Clearly, L(G) is a
real symmetric matrix. From this fact and Geršgorin’s theorem, it follows that its eigenvalues are nonnegative real numbers.
Moreover, since its rows sum to 0, 0 is the smallest eigenvalue of L(G). Thus, all eigenvalues of L(G) can be arranged in order
as µ1(G) ≥ µ2(G) ≥ · · · ≥ µn(G) = 0. Denote the spectrum of L(G) by S(G) = (µ1, µ2, . . . , µn). It is well known that
µi(G) = n−µn−i(G) for 1 ≤ i ≤ n− 1, since L(G)+ L(G) = nI − J , where I and J denote the identity matrix and the matrix
all of whose entries being equal to 1, respectively. In particular, for any graph G of order n, we have µ1(G) ≤ n with the
equality if and only if G is disconnected. We refer readers to [1,2] for further information on the Laplacian matrix.
The Laplacian-energy like of a graph G, LEL for short, is defined as follows:
LEL(G) =
n−
i=1
√
µi.
This notion was introduced in [3], where it was shown that it has similar properties as molecular graph energy, defined by
Gutman [4]. In [5] it was shown that LEL describes well the properties which are accounted by the majority of molecular
descriptors. In a set of polycyclic aromatic hydrocarbons, LEL was proved to be as good as the Randić index and better
than the Wiener index. Gutman et al. [6] showed that the Laplacian-energy like invariant is an energy like invariant. In [7],
it was demonstrated that for bipartite graphs (thus also for trees) LEL is equal to the incidence energy introduced in [8].
Stevanović [9] obtained the upper and lower bounds for LEL of trees. Similarly, Stevanović and Ilić [10] gave the upper and
lower bounds for LEL of unicycle graphs and He and Shan [11] presented the lower bound for LEL of bicycle graphs.
Let k ≥ 1. We say that a graph G is k-connected if either G is the complete graph Kk+1, or G has at least k+ 2 vertices and
contains no (k− 1)-vertex cut. Similarly, G is k-edge-connected if it has at least two vertices and does not contain a (k− 1)-
edge cut. The maximum value of k for which a connected graph G being k-connected is the connectivity of G, denoted by
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κ(G). If G is disconnected, we define κ(G) = 0. The edge-connectivity κ ′(G) is defined analogously. If G is a graph of order
n, then (1) κ(G) ≤ κ ′(G) ≤ n− 1, and (2) the three statements κ(G) = n− 1, κ ′(G) = n− 1 and G ∼= Kn are equivalent. We
denote byVkn the set of graphs of order nwith κ(G) ≤ k ≤ n−1, and by E kn the set of graphs of order nwith κ ′(G) ≤ k ≤ n−1.
A coloring of a graph is an assignment of colors to its vertices such that any two adjacent vertices have different colors.
The chromatic number χ(G) of the graph G is the minimum number of colors in any coloring of G. The set of vertices with
any one color in a coloring of G is said to be a color class. Evidently, any color class is independent. For the other graph
theoretical terms used but not defined, we follow [12, Bondy and Murty].
Recently, Li et al. [13] determined the extremal graphswithmaximumLaplacian spectral radius of all the bipartite graphs
with given connectivity at most k. Behtoei et al. [14] obtained the extremal graphs with the maximum Zagreb index and
minimum hyper-Wiener index among all the n-vertex graphs with given (vertex or edge) connectivity. Similarly, Li and
Zhou [15] also characterized the extremal graphs with maximum Zagreb indices of graphs with connectivity at most k.
Feng et al. [16] obtained the extremal graphs having the maximum spectral radius over all the n-vertex graphs with given
chromatic number.
Motivated by the abovementioned recentwork, in this note,we consider an analogous problem for LEL(G) and determine
the extremal graphs with given connectivity at most k which maximize the Laplacian-energy like. In addition, we also
characterize the n-vertex graphs with given chromatic number having the maximal Laplacian-energy like.
2. Maximum Laplacian-energy like and connectivity
Lemma 1 ([17, p. 291]). Let G be a simple non-complete graph with n vertices. If G + e is obtained from G by adding an edge e
to G, then 0 = µn(G) ≤ µn(G+ e) ≤ · · · ≤ µ2(G) ≤ µ2(G+ e) ≤ µ1(G) ≤ µ1(G+ e).
Noting that
∑n
i=1 µi(G+ e)−
∑n
i=1 µi(G) = 2, we have the next result by Lemma 1.
Lemma 2. Let G be a simple non-complete graph with n vertices. Then LEL(G) < LEL(G+ e).
Now, we can state the first main result of this paper.
Theorem 1. Let G ∈ Vkn . Then LEL(G) ≤ k
√
n + √k + (n − k − 2)√n− 1, where equality holds if and only if G ∼=
Kk

(K1

Kn−k−1).
Proof. Let G ∈ Vkn . It is trivial for k = n− 1. Thus, in what follows we suppose that 1 ≤ k ≤ n− 2. Assume that LEL(G) is as
large as possible. Since G ∈ Vkn , there exists a vertex cut set U of order k such that G− U is disconnected. Let G1,G2, . . . ,Gr
be connected components of G−U . If r > 2, then adding an edge between G1 and G2 will preserve the connectivity of G but
increase the Laplacian-like energy by Lemma 2 and this contradicts the maximality of LEL(G). Thus, r = 2. Analogously, we
also have all of G[U], G1 and G2 are cliques and every vertex in U is adjacent to all vertices in G1 and G2 in view of Lemma 2.
Hence, we can write G as Kk

(Ki

Kn−k−i) for 1 ≤ i ≤ n−k2 .
It is well known that S(Kp) = (p, p, . . . , p  
p−1
, 0). Since
S(G) = S

Ki,n−k−i

Kk

=
n− k, n− k− i, . . . , n− k− i  
i−1
, i, . . . , i  n−k−i−1, 0, . . . , 0  
k+1
 ,
we obtain that
S(G) = (n, . . . , n  
k
, n− i, . . . , n− i  
n−k−i−1
, i+ k, . . . , i+ k  
i−1
, k, 0).
As a result, we have
LEL(G) = k√n+√k+ (i− 1)√i+ k+ (n− k− i− 1)√n− i.
Suppose that f (x) = (x− 1)√x+ k+ (n− k− x− 1)√n− x. It is easy to obtain that
f ′(x) = √x+ k−√n− x+ x− 1
2
√
x+ k −
n− k− x− 1
2
√
n− x
=
√
x+ k−√n− x

+ x− 1
2(x+ k)
√
x+ k− n− k− x− 1
2(n− x)
√
n− x.
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Since
√
x+ k ≤ √n− x and x−1x+k ≤ n−k−x−1n−x for 1 ≤ x ≤ n−k2 with equality if and only if x = n−k2 , we have f ′(x) ≤ 0 for
1 ≤ x ≤ n−k2 with equality if and only if x = n−k2 . Thus, we obtain that
LEL(G) ≤ k√n+√k+ (n− k− 2)√n− 1,
where equality holds if and only if G ∼= Kk(K1 Kn−k−1). This completes the proof. 
Since Kk

(K1

Kn−k−1) ∈ E kn ⊆ Vkn , we immediately have the following corollary by virtue of Theorem 1.
Corollary 1. Let G ∈ E kn . Then LEL(G) ≤ k
√
n + √k + (n − k − 2)√n− 1, where equality holds if and only if G ∼=
Kk

(K1

Kn−k−1).
It is well known that κ(G) ≤ κ ′(G) ≤ δ(G). Noting that Kk(K1 Kn−k−1) has the minimum degree k and the function
k
√
n+√k+ (n−k−2)√n− 1 is increasing with respect to k, we can also obtain the following result in view of Theorem 1.
Corollary 2. Let G be a graph with n vertices and minimum degree k. Then LEL(G) ≤ k√n+√k+ (n− k− 2)√n− 1, where
equality holds if and only if G ∼= Kk(K1 Kn−k−1).
3. Maximum Laplacian-energy like and chromatic number
In what follows we present another result for LEL(G) related to the chromatic number.
Theorem 2. Let G be a connected graph with n ≥ 3 vertices and chromatic number χ . Then
LEL(G) ≤ (χ − 1)√n+ (χ − s)(r − 1)√n− r + sr√n− r − 1
with equality if and only if G ∼= Kr, . . . , r  
χ−s
,r + 1, . . . , r + 1  
s
, where n = rχ + s and 0 ≤ s < χ .
Proof. Let G be a graph with the maximum LEL of all connected graphs with n ≥ 3 vertices and chromatic number χ .
Thus, we can divide V (G) into χ color classes, say V1, V2, . . . , Vχ . In view of Lemma 2, we can obtain that each vertex in
Vi is adjacent to all vertices in Vj for any 1 ≤ i < j ≤ χ . Consequently, we can write G as Kn1,n2,...,nχ , where ni = |Vi| for
1 ≤ i ≤ χ . Without loss of generality, we can suppose that 1 ≤ n1 ≤ n2 ≤ · · · ≤ nχ . It is clear that
S(G) = S

Kn1

Kn2

· · ·

Knχ

= (nχ , . . . , nχ  
nχ−1
, . . . , n1, . . . , n1  
n1−1
, 0, . . . , 0  
χ
).
So we have
S(G) = (n, . . . , n  
χ−1
, n− n1, . . . , n− n1  n1−1, . . . , n− nχ , . . . , n− nχ  
nχ−1
, 0).
Thus, we obtain that
LEL(G) = (χ − 1)√n+
χ−
i=1
(ni − 1)√n− ni
with
∑χ
i=1 ni = n. Assume that f (x) = (x− 1)
√
n− x+ (m− x− 1)√n−m+ x. It is easy to show that
f ′(x) = √n− x−√n−m+ x+  m− x− 1
2
√
n−m+ x −
x− 1
2
√
n− x

≥ 0
for 1 ≤ x ≤ m2 , where equality holds if and only if x = m2 . This implies that
(ni − 1)√n− ni + (nj − 1)

n− nj < ni

n− ni − 1+ (nj − 2)

n− nj + 1
for ni ≤ nj − 2. Thus, by replacing any pair (ni, nj) with ni ≤ nj − 2 by (ni + 1, nj − 1) in the sum∑χi=1(ni − 1)√n− ni,
we increase the sum. By repeated use, we attain the maximum of (χ − 1)√n + ∑χi=1(ni − 1)√n− ni if and only if
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n1 = n2 = · · · = nχ−s = r and nχ−s+1 = · · · = nχ = r + 1, where n = rχ + s and 0 ≤ s < χ . It follows that
G ∼= Kr, . . . , r  
χ−s
,r + 1, . . . , r + 1  
s
and
LEL(G) = (χ − 1)√n+
χ−
i=1
(ni − 1)√n− ni
= (χ − 1)√n+ (χ − s)(r − 1)√n− r + sr√n− r − 1. 
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